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The Cosmic Microwave Background (CMB)
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Figure: The Cosmic Microwave Background: data from WMAP satellite.

o Extremely homogeneus and isotropic temperature distribution;
o Small anisotropies are present of order AT /T ~ 1075.
Before the last scattering of the photons, the universe was opaque

= the CMB is the earliest source of information about the past history
of the universe.
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How do we study the early universe?
oe
What is the source of the anisotropies?

The structure problem

The cosmic structure nowadays (galaxies, clusters of galaxies, etc.) came
from density inhomogeneities in the early universe.
We see those same inhomogeneities in the CMB.

o How did those inhomogeneities get
there?

o Why are they just the right magnitude
and size to produce the structures we
see today?
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The inflationary scenario
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What is inflation?

The idea of accelerated expansion

Inflation is defined as an epoch of accelerated expansion of the early
Universe which occurred at energies up to ~ 1016 GeV.

The accelerated expansion is driven by a scalar field, the inflaton, which
slowly rolls down the minimum of its potential during the inflationary
stage.

The total energy density is dominated by the vacuum energy of the field,
giving the Friedmann equation

2871'GV

H2
3

((¢))-

The value of H is therefore almost constant during the expansion and the

scale factor grows exponentially a(t) oc e/t
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The inflationary scenario
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Quantum fluctuations from inflation

The solution to the structure problem

One can separate the scalar field into two contributions:

d(x,t) = do(t) + dp(x, t).

Comoving Scales
A

@ A given mode of fluctuation will horizon re-entry

. A horizon exit Comoving

start W|th.|n the comoving . Hotbon
cosmological horizon (aH)™*.

@ The mode grows much more

rapidly than the comoving
horizon and thus soon exits it.

density Huctuation

@ At this point the microphysical Inflation Hot Big Bang
processes which occurred at the
beginning of accelerated
expansion are “frozen”.

T;ne [log(a)]
Once inflation is over, the mode reenters the comoving horizon at some

stage after inflation, perturbing photon and baryons to produce the
inhomogeneities we see in the CMB.
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Non-Gaussianity from inflation
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The statistical properties of the primordial perturbations

Why do we study non-Gaussianity in inflationary models?

If it is true that primordial perturbations are left imprinted in the CMB,

any primordial deviation from a Gaussian distribution has to be observed
in the anisotropies in the CMB. = we can test the various models of

inflation by predicting their level of non-Gaussianity.

The statistical properties of the primordial perturbations are described via
Gauge-invariant quantities.

The curvature perturbation on uniform energy density hypersurfaces ( is
frequently used and it represents intuitively the density perturbations

op/p.
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The statistical properties of the primordial perturbations

We define the power-spectrum, bispectrum and trispectrum (2, 3 and
4-point correlation functions in Fourier space) of (:

(Cla)C(ka)) = (2m)°6° (k1 + ka) P (K),
(C(k1)¢(ka)¢(k3)) = (2m)°8° (k1 + k2 + k3) Bc(ku, ko, ks),
(C(k1)C(k2)¢(k3)C(ka)) = (2m)*6° (k1 + ka2 + k3 + ka) T¢ (K1, ka, k3, ka).

B¢ and T, measure the level of non-Gaussianity of the model and to
connect them to measurable quantities one defines non-linearity
parameters fp; and 7y which are proportional to their amplitudes:

6
Be(ki, ko, k3) = 5 we(Pe (ki) P (ko) + 2 perms),
1
Te(ki, koy ks, ka) = ETNL(PC(kl)PC(k2)PC(|k1 — ka|) + 23 perms).
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The statistical properties of the primordial perturbations

One can write ¢ as an expansion in the fluctuations ¢ (0N formalism)

Z(&b, <8¢’)n N(te, t;),

being N(tr, t;) = ;' H(¢)dt the number of e-foldings.

Thus the N-point functions of { can be written as a sum of various terms
proportional to the ones of the fluctuations d¢

(081 00) = (27)°6° (k1 + ko) C*? (K);
(Ot 600 00n,) = (2m)°0°(ky + ka + k3) B 5 (ky, ko, ks);

(27)%6° (k1 + k2 + k3 + ka) T*BP (k1, ka, k3, ka).

(61, 0By 0 Picy OBy )

where A, B, C,D =1,2,...,n are summed indices using the Einstein
convention, being n the total number of fields contributing to inflation.
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Constraint relations between fy; and 7y in multi-field models

In the case of standard single-field models of inflation, the non-linearity
parameter |fy.| < 1 and thus the distribution of primordial perturbations
is almost Gaussian.

A relation between fy; and 7y has been recently demonstrated for a

class of multi-field modelst
> 16 f; i
ez 5 g )

If this inequality were violated observationally, the multi-field models
considered would be ruled out as a possible mechanism for the generation
of primordial perturbations.

Finding constraint relations between fy; and Ty, is therefore important
to discriminate among the various models of inflation.

TN. S. Sugiyama, E. Komatsu, T. Futamase, Non-Gaussianity Consistency Relation for
Multi-field Inflation, Phys. Rev. Lett. 106, 251301 (2011).
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Constraint relations between fy; and 7y in multi-field models

The hypothesis of Gaussian fields at horizon crossing

It is thus very important to understand the level of validity of this
constraint relation.

The inequality has been demonstrated under the following assumptions:

o Scalar fields are responsible for generating curvature perturbations;

o Fluctuations in scalar fields at the horizon crossing are Gaussian;

o The expansion written by virtue of the §/V formalism is truncated to
the fourth order in the fluctuations §¢?.

Non-Gaussianities can be generated when modes of fluctuation of
different fields have similar wavelenghts and exit the horizon at about the
same time.

Instead, with the second hypothesis one assumes that these
non-Gaussianities are negligible.
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Constraint relations between fy; and 7y in multi-field models

In fact, if the fluctuations d¢ are Gaussian at the horizon crossing, the 3
and (connected) 4-point functions of §¢ are zero and the statistical
properties of the fluctuations §¢ are determined only by their
power-spectrum.

(k) = 5Pk = 548 1

BABC(klak2,k3) = 0
TABCD(kla k27 k3a k4) 0

In my thesis, | relaxed this hypothesis and thus | admit a non-zero value
for BABC and TABCP | accounting for possible interactions among the

fields at horizon crossing.

Dipartimento di Fisi
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Constraint relations between fy; and 7y in multi-field models

A diagrammatic approach

The method used to calculate the N-point correlation functions is based
on an analogy with the Feynman rules of Quantum Field Theory and it
was first introduced by D.Wands et al.f.

One is able to write appropriate Feynman rules and draw the diagrams
which represent in a very direct and simple way the various terms
contributing to the correlation functions.

Using this formalism, | found new and more general expressions for fy;
and Ty, accounting for possible large non-Gaussianities at horizon
crossing.

tC. Byrnes, K. Koyama, M. Sasaki, D. Wands, Diagrammatic Approach to
non-Gaussianity from Inflation, JCAP 0711, 027 (2007).
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Constraint relations between fy; and 7y in multi-field models
One can think of CAB(k) as the scalar field U oK)
propagator
K, k
and Na, Ng the vertex factors —— > (227 8V (k—k)N,

Thus one can draw the diagram for the tree-level term of the
power-spectrum,

K, Kk Pc(k) = NaNg CA® (k).

- —_ e — -
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00000080
Some example:
LN 1 qd*q _ascp
| FNaNeeo | =5 56— T — a1, ki — a2,k
N/ 3 NaNsco 2y (91,92 — q1, ki — q2, k2)
Power-spectrum, 2-loop
diagram
—<— 1NABNCDNECAE(|k1 + k2|) @’q BB (q, ka, |q — ka|)
‘\‘ 2 (27'(')3 ) )

Bispectrum, 1-loop

diagram
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Constraint relations between fy; and 7y in multi-field models

1 d*q _ae BCD
—~NagcNpN, ki + k2|)B — k2|, k
5 NascNp E/ (271_)3C (Jk1 + kal) (g, ]a — ke, k2)

Bispectrum, 1-loop

diagram
— 1 d3q AF . o o
N 5 Nag Ne Noerg N ki — k k
L paeeosset [ C ha — a)C @) C )€ (k)

Trispectrum, 1-loop

diagram
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Accounting for the non-Gaussianities at horizon crossing

My thesis dealt with the problem of the prediction of non-Gaussianities in
the primordial perturbations for multi-field models of inflation.

o | calculated the power-spectrum, bispectrum and trispectrum of the
curvature perturbation ¢ accounting for possible large
non-Gaussianities at horizon crossing, generalizing the results found
in a previous paper.

o A diagrammatic approach has been used, extending a formalism
introduced before with the calculation of new 1-loop bispectrum and
trispectrum diagrams.

@ These expressions are useful to demonstrate, once an appropriate
model is chosen, that the inequality

1/6. \°
>- (2
™ Z 5 <5fNL> ;

@ A new constraint relation can be found between fy; and 7y in the
equilateral limit.

may be violated.
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Conclusions and future prospects
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The WMAP and Planck experiments

The 7-year WMAP observations

To date, the data we have for the non-linearity parameter fy; come from
the 7-year WMAP observations':

local equil
fNL fNL

WMAP | 32 £21 | 26 £ 140

Table: Estimates and the corresponding 68% intervals of the primordial

.. il
non-Gaussianity parameters fy2° and fi"".

tE. Komatsu et al., Seven-Year Wilkinson Microwave Anisotropy Probe (WMAP)
Observations: Cosmological interpretation, ApJS 192, 18 (2011).

Matteo Biagetti Dipartimento di Fisica “G.Galilei”

Non-Gaussianity and multi-field models of inflation



Conclusions and future prospects
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The WMAP and Planck experiments

The Planck satellite

The Planck satellite was launched in May 2009. The results for the
observations of the CMB anisotropies will be publicly available soon.
The most reliable forecast on fy, and 7y, for Planck aref (minimum
error bars)

fne | 7L
Planck 8 1550

Table: The minimum error bars at 1o for fy, and 7 for the Planck
experiment.

1 J. Smidt et al., CMB Constraints on Primordial non-Gaussianity from the
Bispectrum (fyi) and Trispectrum (gn. and Ty.) and a New Consistency Test of
Single-Field Inflation, Phys. Rev. D 81, Issue 12, id. 123007 (2011).
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Gaussian distributions

What do we mean by “Gaussian distribution”?

Let us consider the distribution of temperature anisotropy of the CMB
that we observe on the sky, AT(#). The temperature anisotropy is
Gaussian when its probability density function (PDF) is given by

1 1 -1
— -2 Z,"ATi(g)r AT;
P(AT) = —(27T)Np[x/2|€|1/2e 2 2 i S

where AT; = AT(i;), £ = (AT;AT;) is the covariance matrix (or the
2-point correlation function) of the temperature anisotropy.

A Gaussian distribution is completely determined by its 2-point
correlation function &j;.
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Non-Gaussianity

Any deviation from a Gaussian distribution is called non-Gaussianity.

When fluctuations in the CMB are non-Gaussian, the 2-point correlation
function is no more sufficient to characterize the distribution, one has to
calculate higher order correlation functions.

In fact, when non-Gaussianity is weak, one may expand the PDF around
a Gaussian distribution and take the first terms of the expansion, which
depend on the 3 and 4-point functions.
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The observational tests of non-Gaussianity

The first step, from the observational point of view, is to introduce the
angular N-point correlation function, for example, of the temperature
anisotropies AT (i)

(AT (h1)AT(RR)...AT(fin)),
where the brackets denotes ensemble average,

our sky

Figure: A schematic view of the statistic isotropy of the angular correlation
function: as long as the isotropy is preserved, we can average AT (ii;) over all
possible orientations and positions on the sky.
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It is however more convenient to espand each AT(fi) into spherical
harmonics, the orthonormal basis on the sphere, as

co m=l/

Z Z aim Ylm(ﬁ)7

thus considering the ensemble average in the coefficients

<a/1mla/2m2"'a/NmN>7
which is called angular N-point harmonic spectrum.
In fact, we are not able to measure the ensemble average, but one

particular realization aj, m, anm,-.-aiymy, Which is so noisy that some kind
of average is needed to reduce the noise.

One chooses the average to be over an azimuthal orientation on the sky
m;, provided that it is made with an appropriate weight, thus reducing
the statistical error of the measured harmonic spectra.
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1-loop diagrams

In the calculation of N-point function for (, 1-loop diagrams have been
considerated. These contributions diverge in general. For example, one
can take a 1-loop diagram for the power-spectrum of ¢

9
e & ke ko P = LNash /d3q1 C*®(q1)CP (k1 — aul)
1 o o 4—2 ABINcD (27r)3 a1 1 1
N s/
q
Specifically, the divergence is of the form

d®q 1 1 1
g9 11 1
G ar k= g D

where the subscript L=1 indicates that the integrand is set equal to zero
in a sphere of radius L around each singularity and the discussion makes
sense only for kL > 1.
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